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Abstract 


Molodtsov initiated the concept of soft sets in [17]. Maji et al. defined some operations on soft sets 
in [13]. Aktas et al. generalized soft sets by defining the concept of soft groups in [2]. After then, Qiu- 
Mei Sun et al. gave soft modules in [20]. In this paper, the concept of neutrosophic soft module is 
introduced and some of its basic properties are studied. 
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1. Introduction 


The contribution of mathematics to the present-day technology in reaching to a fast 
trend cannot be ignored. The treories presented differently from classical methods in 
studies such as fuzzy set [21],intuitionistic fuzzy set [3], soft set [17], neutrosophic set 
[19], etc. The algebraic structure of set theories dealing with uncertainties has also been studied by 
some authors.After Molodtsov’s work, some different applications of soft sets were studied in [16]. 
Maji et al. [14] presented the concept of fuzzy soft set. Rosenfeld [18] proposed the concept of fuzzy 
groups in order to establish the algebraic structures of fuzzy sets. Aktas and Cagman [2] defined soft 
groups and compared soft sets with fuzzy sets and rough sets. After the definition of fuzzy soft 
group is given by some authors [4,11]. F.Feng et al. [8] gave soft semirings and U.Acar et al. [1] 
introduced initial concepts of soft rings. Definition of fuzzy module is given by some authors [12,22]. 
Qiu- Mei Sun et al. [20] defined soft modules and investigated their basic properties. Fuzzy soft 
modules and intuitionistic fuzzy soft modules was given and researched by C. Gunduz (Aras) and S. 
Bayramov [9,10]. 


The main purpose of this paper is to introduce a basic version of neutrosophic soft module theory, 


which extends the notion of module by including some algebraic structures in soft sets. Finally, we 
investigate some of neutrosophic soft module basic properties. 
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1. Preleminaries 
In this section, we will give some preliminary information for the present study. 


Definition 2.1. [19] A neutrosophic set A on the universe of discourse X is defined as: 
A= {(x,T, (x), T(x), F,(x)) ‘+e x}, 
where T,1,F:X >] 0,1'|and -0<T,(x)+I4(x)+ Fy(x)s"3. 


Definition 2.2 [17] Let X bean initial universe, E be a set of all parameters and P(X) denotes 
the power set of X . A pair (F, E) is called a soft set over X , where F’ is a mapping given by 
F: E> P(X). 


Firstly, neutrosophic soft set defined by Maji [13] and later concept has been modified by Deli and 
Bromi [7] as given below: 

Definition 2.3. Let X bean initial universe set and E be as a set of parameters. Let P(X) 
denote the set of all neutrosophic sets of X . Then, a neutrosophic soft set (F,£) over X is aset 
defined by a set valued function F representing a mapping F:E> P(X) where F is called 
approximate function of the neutrosophic soft set (F,£). In other words, the neutrosophic soft set 


is a parameterized family of some elements of the set P(X) and therefore it can be written as a set 
of ordered pairs, 


(F, E)= i. (x, Tyi(2) T(x) Fro(x)) xe x}: ee E| 


where Txi.)() T(x) F, 


r(e)(*) € [o,1], respectively called the truth-membership, indeterminacy- 


membership, falsity-membership function of F(e). Since supremum of each T, J, F is 1 so the 


inequality OST s(x) + Tx \(x)+ F; (x)<3 is obvious. 


e e F(e) 


Definition 2.4. [6] Let (F,£) be neutrosophic soft set over the common universe (X,E). The 


complement of (F,£) is denoted by (Fz) and is defined by: 
(F, Ey = ile, (x, Fz (x) = Tzy.)(x), Trie)(2}) 1x€ x): ee E} 


Obvious that, (¢. Ey J = (7,2). 


Definition 2.5. [13] Let (F,£) and (G,£) be two neutrosophic soft sets over the common 
universe (e5), (F,£) is said to be neutrosophic soft subset of (G,£) if 
Tyj.)(x)S Tae)() Tiy(x)S Ta.)(2), Fy) (x)2 F(x), Veek,VxeX .It is denoted by 


G G 
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The operations of union, intersection, difference, AND, OR on neutrosophic soft sets are 


defined differently from the studies [6,13]. In addition, basic properties of these operations will be 
presented. 


Definition 2.6. Let (7,,£) and (F,,£) be two neutrosophic soft sets over the common universe 


(X,E). Then their union is denoted by (,£)U (#,,£)= (&,,£) and is defined by: 


(A, E)= tl, (x, Tp (\(%) Tiel) Fr(x)) IxE x}: ee Ej 


where 


Definition 2.7. Let (7,,£) and (F,,£) be two neutrosophic soft sets over the common universe 


(X, E). Then their union is denoted by (#.£)N (#,,£)= (#,,£) and is defined by: 


(#,,£)= ile, oleae) Te i(%) F,()} 1xE x}: ee E| 


where 


Definition 2.8. Let (F,,£) and (#,,£) be two neutrosophic soft sets over the common universe 


(X,E). Then " (Fz) difference (f,,£)" operation on them is denoted by 


c 


(#,£)\ (,,£)= (&,,£) and is defined by (f,,£)= (Fe) (F,,£) as follows: 


(#,,£)= ile. (x, Tz ((%) Tei) F,()} :xE x}: ee E| 


where 


Definition 2.9. Let \(é, E)i € rt be a family of neutrosophic soft over the common universe 
(X,E). Then 
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UlF.£)= ik. (s suplt;o, sup rio), int IF nh, ) tes ie 
alla E)= ik. (x, inf r(x), ,inf Leo, ; suplF; (0), a= x}. ee E. 


iel 


Definition 2.10. Let (,,£) and (#,,£) be two neutrosophic soft sets over the common universe 
(X,E). Then " AND” operation on them is denoted by (FE), (#,,£)= (F,, Ex E) and is 
defined by: 


(#,, Ex E)= {ee} 7 Tee, 3) Ti o,0,)%) Foo) xe x}: (e,,€,) e Ex E| 


where 


Definition 2.11. Let (Fz) and (F,,£) be two neutrosophic soft sets over the common universe 
(X,E). Then "OR" operation on them is denoted by (#,E)v (#,,£)= (#,, ExE) and is defined 
by: 


(F,, Bx E)={[e.0 (8: Ta) Filgey ®Falgas)®b) -¥ € X): (Een) € EXE] 


where 


Fra (e,e,)%) = min F ie) F Ae) 


Definition 2.12. (1) A neutrosophic soft set (F,£) over (X,E) is said to be null neutrosophic 
soft set if Tp(.)(*) = 0, Tp(2)= 0, Fy (y(x)= 1, Veek, Vx eX .Itis denoted by Ox.£)- 


(2) A neutrosophic soft set (F,£) over (X,E) is said to be absolute neutrosophic soft set if 
Ty(2)= 1, Ty(x)= 1, Fyy(x)= 0; Veeck, Vx eX . Itis denoted by ly ;,. 


Clearly Ue =l(x.2) and I ose = O(x.2): 


) 


Proposition 2.1. Let (F, E) (&,, E) and (F, E) be two neutrosophic soft sets over the common 
universe (X,E). Then, 
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Proposition 2.2. Let (Fz) and (F,,£) be two neutrosophic soft sets over the common 
universe (X,E). Then, 


a [A z)ulé el =e) nz); 
@ [&2)né.el -@.2) u@.zf. 


Proposition 2.3. Let (Fz) and (F,,£) be two neutrosophic soft sets over the common universe 
(xX, E). Then, 

a |F.e) (Fe) =(F.2) ae): 

2 [F.e)lé.e) =(F.8) ve). 


Definition 2.13. Let M be a left R -module and let A= (T,1,F) be a neutrosophic set over M. 


Then we say (M,T,1,F) is a neutrosophic modul, if the following conditions are satisfied: 


2) T(e+ y)=TE)AT(yh Hee+ y)=A(x)a 1(o} Ple+ y)<maxtF(x) Fy) 
c) T(Ax)=T(x} [(Ax)= I(x); F(Ax)< F(x) 


Definition 2.14. Let (M,,T7,,1,,F,) and (MoT eck) be two neutrosophic modules over M, 
and M,, respectively. We say that f is a homomorphism of neutrosophic modules, if the following 


conditions for homomorphism of f :M, — M,modules are satisfied: 


Tf (x)=T a) LY) 240) AY @)s Ae) 


1. Neutrosophic soft modules 


In this paper Ris an ordinary ring. Let M bea left (or right) R-module and let A# © be a set. 
NS(M ) denotes the family of neutrosophic sets over M . 


Definition 3.1. Let (FA) be a neutrosophic soft set over M . Then (FA) is said to be a 
neutrosophic soft module over M_ iff VaeA, F(a)= (T,,1,,F,) is a neutrosophic submodule 
of M_ and denoted as F. 
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Definition 3.2. Let (#',A) and (#7, B) be two neutrosophic soft modules over M and N 
respectively, and let f:M-—WN be a homomorphism of modules, and let g:A—B bea 


mapping of sets. Then we say that Cz g): (#',A)> (#?,B) is a neutrosophic soft 
homomorphism of neutrosophic soft modules, if the following condition is satisfied: 


f(r) )= F(g(a))=T2,), f(y) = F?(g(a))= Po flFiy)= F?(g(a))= Fa) 


Note that for VaeA, f :(M, F)) > (NW, F2,)) is a neutrosophic homomorphism of 


neutrosophic modules. 


Neutrosophic soft modules and morphisms of their is consists of a category. This category is 
denoted NSM . 

Theorem 3.1. Let (F',A) and (#7, B) be two neutrosophic soft modules over M . Then their 
intersection (F',A)a (#7, B) is a neutrosophic soft module over M . 


Proof. Let (#', A)a(F?, B)= (#°,C) where C=AQQB. Since the neutrosophic soft set 
T? =T! AT? IZ =1, AI, Fo =F! v F? is a neutrosophic submodule, for Vc EC, (F?,c) 


is a neutrosophic soft module over M . 


Theorem 3.2. Let (', A) and (#?,B) be two neutrosophic soft modules over M. Then 
(F',A)a (#7, B) is a neutrosophic soft module over M . 


Proof. We can write (F',A)a (#,B)= (Fax B). Since F! and Fe are neutrosophic 
submodules of M, F! A Fe is a neutrosophic submodule of M._ Thus, 
T*(a,b)= To T°(a,b) =I\ alj, F?(a,b) =F! vy F, is a neutrosophic submodule of M , 
for all (a,b) € Ax B. Hence, we find that (F',A)a (#,B) is a neutrosophic soft module over M 
.Theorem 3.3. Let (#', A) and (F?,B) be two neutrosophic soft modules over M .If AN B=, 
then (#', A)u(F?, B) is a neutrosophic soft module over M . 


Proof. We can write (#', A)U(F?,B)= (#,c). Since AWB=M, it follows that either 
c€A—-B or ce B-A forall ceC.If ce A—B, then EF? = F} is a neutrosophic submodule 
of M, and if ce B—A, then F; = F? is a neutrosophic submodule of M. Hence, 
(#', A)U(F?, B) is aneutrosophic soft module over M . 


Definition 3.3. Let (#',A) and (F?,B) be two neutrosophic soft modules over M . Then (#',) 


is called a neutrosophic soft submodule of (FB if 
1 AcB 


2) For allacA, F! =(r'1',F!) is a neutrosophic submodule of Pat Fe) , 
Lal fal oF Sr. 


a? a? 
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Theorem 3.4. Let (F',) and (#7, A) be two neutrosophic soft modules over M . If F! as F? for 
all a € A, then (#', 4) is a neutrosophic soft submodule of (#7, A). 


Proof. The proof of the theorem is straightforward. 


Theorem 3.5. Let (F, A) be a neutrosophic soft modules over M , and let (FA, I be 


U 


nonempty family of neutrosophic soft submodules of (F, A). Then 


1) 4 A,) is a neutrosophic soft submodule of (F, a), 


iel 
2) Alf A) is a neutrosophic soft submodule of (FA), 


~ 


3) If AAA, =, forall i, 7 7, then v\F,,A, } is aneutrosophic soft submodule of F,A ; 
i J J ie’ | i 


Let (#', 4) and (#?,B) be two neutrosophic soft modules over M and WN respectively, and 
(7, g): (#',A)> (#?,B) be a neutrosophic soft homomorphism of these modules. 


Now in this section, we introduce the kernel and image of neutrosophic soft homomorphism of 
neutrosophic soft modules. Let M’=kerf. Define F’: A> NS(M') by 
DE gid Hd lake = clas Ten (F",) is a neutrosophic soft module over M’. It is 


clear that this module is a neutrosophic soft submodule of (F,A). 


Definition 3.4. (F’, A) is said to be kernel of (f,2) and denoted by ker(f, ¢). 


Now, let B’= (A). Then for all be B', there exists aeA_ such that g(a)=b. Let 
N'=Imf <N. We define the mapping F?:B'> NS(N’) as 
T(b')=T"(sa))v. T° O)=P (slaw POW )=F*(gla)w Since (f.g) is a 
neutrosophic soft homomorphism, flr:)=T2,, fle )=20, fle )=F2) is satisfied for all 


aeéA. Then the pair (F”, B’) is a neutrosophic soft module over N’ and (F’,B’) is a 
neutrosophic soft submodule of (#?,B), 


Definition 3.5. (F”, B’) is said to be image of (f, g¢) and denoted by Im(f, g). 


Proposition 3.1. Let (FA). be a neutrosophic soft module over M, N bean R—module and 


f :M —N.bea homomorphism of R—modules. Then (r(#), a). is a neutrosophic soft module 
over NV. 


Proof. If the mapping f(F): A- NS(N) is defined by 
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the proof is completed. 


Note that (fda) (F, A)> (r(F), A) is a neutrosophic soft homomorphism of neutrosophic soft 
modules. 


Proposition 3.2. If Mis an R—module, (F,A) is a neutrosophic soft module over N and 


f:M —>N is ahomomorphism of R—modules, then (73 (#),4) is a neutrosophic soft module 
over M . 


Proof. If the mapping f~ (F ): A- NS(M ) is defined by 


(6 (7), @)=7.¢@) (6 (2), @) = 1.4) (6). = FF), 


the proof is completed. 


It is clear that Ff Ll eye '(F) A)> (#, a) is a neutrosophic soft homomorphism of neutrosophic 
soft modules. 

Lemma 3.1. Let M and N bean R—modules and f :M —WN bean R—homomorphism and 
(#',A) and (#?, A) are two neutrosophic soft modules over M and WN respectively. 


(i) (f, 1 AvilF (F ,A)> (F, A) is a neutrosophic soft homomorphism if and only if for all ae A, 
/ ie > lr ae =r '\ F? < f(F, ') is satisfied. 


(ii) (Fly) (F',A)> (F?, A) is a neutrosophic soft homomorphism if and only if for all ae A, 
Ti < f(72) 0) < fA(22) F! > f"(F2) is satisfied . 


Theorem 3.6. If (4), is a family of neutrosophic soft modules over {M,\_,, then 
ne A,] is aneutrosophic soft module over] [M, : 


iel iel 


Proof. Define F:| ]A, >] [M, F =(T.1,F) by 


iel iel 


T(ta,})= v p/'7,),,. ta} = vy, Pr), Fa) = a PF ),, 


ie] ie] i iel 


where Pp, -[[™,; — M, is a projection mapping. Since 


iel 


pi (7,), >[ 1M; > [0th o'(,),, TM > loth er (A), -T]™: > [0.1] 
iel iel 


iel 
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is a neutrosophic soft module over | [M; forall ie I, v p,\(T, im Jv p, (, Vs A p,'(F, im is 
jel iel i iel i i 
also a neutrosophic soft module over | [™; ; 


iel 


~ 


Theorem 3.7. If { weet } is a family of neutrosophic soft modules over the family of modules 


{M,\_,. then o(F,A,) is a neutrosophic soft module over ®M ,. 
iel i 


le 


Proof. Define F: []4 > @M, F=(T,1,F) for all faje]]A, by 
iel 

rha)= iT), Mad=pi),-Fa=vilF), whee j:M, OM, is a 

embedding mapping. Since j; (r. ), She (1, )a, Aas (F, ),, is a neutrosophic soft submodule over OM, 


forallieT, F ({a;}) is a neutrosophic submodule over ® M ,. 
iel 


Lemma 3.2. 1) Given modules {M,}.., and N= and a family of R—homorphisms 
A=({f,:M, > N}, 


ie] * 


if (F, A, I, are neutrosophic soft modules over {M,\_,, then there exist 


a neutrosophic soft module [FT] over N such that for all ie J, 


iel 


is a neutrosophic soft homomorphism of neutrosophic soft modules. 


2) Given modules M and {N,\_, and a family of R—homorphisms B= {g; :M + N,} 


(iF Be, are neutrosophic soft modules over {N,} 


ie] ' 


iel * 


then there exist a neutrosophic soft 


module Gig over M such that forall ie/, 


iel 
Ee 2 
g, (7.14) .B,) 
iel 
is a neutrosophic soft homomorphism of neutrosophic soft modules. 
Proof. 1) Define F? []4 oN ,F’= (, ie F’) by 


r(a)=v Ale), Pdad=v £2), Fa) =a4(8),. 


2) Define F: |] A, 2M , F=(T,1,F) by 


iel 


T(ta,})= a 8;'(T),,. Ma) = 4 8:0), Pad) =v 8: (A), forall ta, te TTA. 


iel 


7678 


Wy) 


By using this lemma, we define the concepts of submodule , quotient module, product and 
coproduct operations in the category of neutrosophic soft modules. 


Corallary 3.1. If (F, a) is aneutrosophic soft module over M and N is asubmodule of M and 
i: N—M isa embedding mapping, then (-"(F) A) is a neutrosophic soft module over N . 


Corallary 3.2. If (F, a) is aneutrosophic soft module over M and p: M —M_/~ isa canonical 
projection, then (v(F), A) is a neutrosophic soft module over quotient module M/~. 


If (FA, I is a family of neutrosophic soft modules over the family of modules {M,,} then we 


i: ie]! 


can define the product and coproduct of these families by TIé.4,) and @(F,,A,), respectively. 


iel 


Theorem 3.8. The category of neutrosophic soft modules has zero objects, sums, product, kernel 
and cokernel. 


Let M and N be respectively, right and left modules over R (ring). Let (F',A) and (#7, B) be 


two neutrosophic soft modules over M and N,, respectively. We consider tensor product of 
modules as M ® N.. The mapping 


F'@F’:AxB>MON 
is defined by 


(r' @T?\a,b)=T'(a)@T?(b), 
(7' @ 1 \a,b)=1'(a)@ Pb), 
(F' ® F?\a,b)= F'(a)® F°(b) 


for V(a,b)€ AxB. 


Definition 3.6. (F @ F*, Ax B) is said to be tensor product of (',A) and (#?,B) and denoted 
by (F', A)@(F, B), 


Theorem 3.9. (F @ F*,Ax B) is a neutrosophic soft module over M @N. 


Proof. For V(a,b)e AxB, (v1, F'Jand ( _F?) are neutrosophic soft modules. F! © F? isa 


neutrosophic submodule over M © N and (#* @ F?, Ax B) is a neutrosophic soft module over 
MON. 


Definition 3.7. (F @ F?,AxB) is said to be tensor product of (F',A) and (F?, 8), and 
denoted by (F', A)@ (F, B). 
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2. Conclusion 

This paper summarized the basic concepts of neutrosophic soft sets and neutrosophic soft modules. 
By using these concepts, we studied the algebraic properties of neutrosophic soft sets in module 
structure. 
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